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Introduction
Composite laminated beams have been increasingly used in the various engineering fields for example in constructions, spacecraft, aircraft, mechanical engineering, etc... In order to predict accurately their structural responses, various beam theories with different approaches have been developed. These beam theories can be divided into three following categories: classical beam theory (CBT), first-order beam theory (FBT) and higher-order theory (HBT). A general review and assessment of these theories for composite beams can be found in [1] [2] [3] . It should be noted that CBT is only suitable for thin beams due to neglecting shear effect. FBT overcomes this adverse by taking into account this effect.
However practically an appropriate shear correction is required. By using higher-order variation of axial displacement, HBT predicts more accurate than CBT and FBT, and importantly no shear correction factor is necessary. Therefore, this theory has been increasingly applied in predicting responses of composite beams.
For numerical methods, finite element method has been widely used to analyze composite beams [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . For analytical approach, Navier solution is the simplest one, which is only applicable for simply supported boundary conditions ( [18] [19] [20] ). In order to deal with arbitrary boundary conditions, many reseachers developed different methods. Ritz-type method is commonly used [21] [22] [23] [24] . Khdeir and Reddy [25, 26] developed state-space approach to derive exact solutions for the natural frequencies and critical buckling loads of cross-ply composite beams. Chen et al. [27] also proposed an analytical solution based on state-space differential quadrature for vibration of composite beams. By using the dynamic stiffness matrix method, Jun et al. [28, 29] calculated the natural frequencies of composite beams based on third-order beam theory. A literature review shows that although Ritz procedure is efficient to deal with static, buckling and vibration problems of composite beams with various boundary conditions, the research on this interesting topic is still limited.
The objectives of this paper is to develop a new trigonometric-series solution for analysis of composite beams with arbitrary lay-ups. It is based on a higher-order theory which accounts for a higher-order variation of the axial displacement. By using Lagrange equations, the governing equations of motion are derived. Ritz-type analytical solution with new trigonometric series is developed for beams under various boundary conditions. The convergence and verification studies are carried out to demonstrate the accuracy of the proposed solution. Numerical results are presented to investigate the effects of length-to-depth ratio, fibre angle and material anisotropy on the deflections, stresses, natural frequencies and critical buckling loads of composite beams.
Theoretical formulation
A laminated composite beam with rectangular section (b × h) and length L as shown in Fig. 1 is considered. It is made of n plies of orthotropic materials in different fibre angles with respect to the x-axis.
Kinetic, strain and stress relations
The displacement field of refined higher-order deformation theory ( [30] [31] [32] ) is given by:
where u 0 , φ 0 and w 0 are unknown mid-plane displacements of beam; Ψ is the shape function representing a higher-order variation of axial displacement; the comma indicates partial differentiation with respect to the coordinate subscript that follows.
The strain field of beams is given by:
where ǫ 0 x and κ b x , κ s x are the axial strain and curvatures of the beam. The stress of the k th -layer is given by:
55 are the in-plane and out-of-plane elastic stiffness coefficients in the global coordinates (see [30] for details).
Variational formulation
The strain energy U of system is given by:
where (A, B, D, B s , D s , H s ) are the stiffnesses of laminated composite beams given by:
The work done V by the compression load N 0 and transverse load q is given by:
The kinetic energy K of system is written by:
where dot-superscript denotes the differentiation with respect to the time t; ρ is the mass density of each layer, and I 0 , I 1 , I 2 , J 1 , J 2 , K 2 are the inertia coefficients defined by:
The total potential energy of system is expressed by:
Based on Ritz method [30] , the displacement field in Eq. (10) is approximated in the following forms:
where ω is the frequency, i 2 = −1 the imaginary unit; (u j , w j , φ j ) are unknown values to be determined; ψ j (x), ϕ j (x) and ξ j (x) are the shape functions which are proposed for simply supported (S-S), clamped-clamped (C-C) and clamped-free (C-F) boundary conditions given in Table 1 . It is clear that the proposed shape functions satisfy various boundary conditions given in Table 2 . It is noted that the inappropriate shape functions may cause slow convergence rates and numerical instabilities [21, 22] . In addition, for shape functions which do not satisfy boundary conditions, Lagrangian multipliers method can be used to impose boundary conditions [24, 33, 34] .
The governing equations of motion can be obtained by substituting Eq. (11) into Eq. (10) and using Lagrange's equations:
with q j representing the values of (u j , w j , φ j ), that leads to:
where the components of stiffness matrix K and mass matrix M are given by:
The deflection, stresses, critical buckling loads and natural frequencies of composite beams can be determined by solving Eq. (13).
Numerical examples
In this section, convergence and verification studies are carried out to demonstrate the accuracy of the proposed solution and to investigate the responses of composite beams with various boundary conditions for bending, vibration and buckling problems. For static analysis, the beam is subjected to a uniformly distributed load with density q. Laminates are supposed to have equal thicknesses and made of the same orthotropic materials whose properties are followed:
• Material III [35] : E 1 =144.9 GPa, E 2 =9.65 GPa, G 12 = G 13 = 4.14 GPa, G 23 =3.45 GPa, ν 12 =0.3,
For convenience, the following normalized terms are used:
In order to evaluate the convergence and reliability of the proposed solution, (
beams (L/h=5) with Material I and E 1 /E 2 =40 are considered. The mid-span displacements, fundamental natural frequencies and critical buckling loads with respect to the series number m for different boundary conditions are given in Table 3 . It is observed that the responses converge quickly for three boundary conditions: m=2 for buckling, m=12 for vibration, and m=14 for deflection. Thus, these numbers of series terms will be used for buckling, vibration and static analysis, respectively throughout the numerical examples. In comparison, the present trigonometric solution appears convergence more quickly than the polynomial series solution [33] , especially for buckling analysis.
Static analysis
As Tables 4-5 and compared to earlier studies. It is observed that the present solutions are in excellent agreement with those calculated by various higher-order theories ( [11] , [14] , [24] , [36] , [37] ). The axial and transverse shear stresses of these beams with L/h=5, 10, 20 are presented in Table 6 and compared to solutions obtained by Vo and Thai [14] and Zenkour [37] . Good agreements with the previous models are also found. The variation of the axial and shear stress through the beam depth is displayed in Figure 3 , in which a parabolic distribution and traction-free boundary conditions of shear stress is observed.
Next, the effect of fibre angle change on the mid-span displacements of (θ/ − θ) s composite beams (L/h=10) with material II and E 1 /E 2 =25 is plotted in Figure 2 . It can be seen that the mid-span transverse displacement increases with the fibre angle, the lower curve corresponds to the C-F beams while the highest curve is C-C ones.
Vibration and buckling analysis
Tables 7-9 report the fundamental frequencies and critical buckling loads of (0 o /90 o /0 o ) and (0 o /90 o ) composite beams with different boundary conditions. The present solutions are validated by comparison with those derived from HBTs ( [11] , [15] , [21] , [22] , [24] , [25] , [26] ). Excellent agreements between solutions from the present model and previous ones are observed while a slight deviation with those from Mantari and Canales [24] is found for L/h=5. The first three mode shapes of (0 o /90 o /0 o ) and (0 o /90 o ) composite beams (L/h=10) with material I and E 1 /E 2 =40 is plotted in Figure 4 . It can be seen that the symmetric beam exhibits double coupled vibration (w 0 , φ 0 ) whereas the anti-symmetric one presents triply coupled vibration (u 0 , w 0 , φ 0 ). The effect of the ratio of material anisotropy on the fundamental frequencies and critical buckling loads is plotted in Figure 5 .
Obviously, the results increase with E 1 /E 2 .
Finally, (θ/ − θ) s composite beams (L/h=15) with material III are analysed. The effects of fibre angle variation on the fundamental frequencies and critical buckling loads are illustrated in Table   10 and Figure 6 . It can be seen that the results decrease with an increase of fibre angle. A good agreement between the present solutions and those obtained from [6] is observed. It should be noted that there exist slight deviations between the present solution and Chandrashekhara et al. [6] with those from previous studies ( [15] , [23] , [27] ). [37] A. M. Zenkour, Transverse shear and normal deformation theory for bending analysis of laminated and sandwich elastic beams, Mechanics of Composite Materials and Structures 6 (3) (1999) 267-283. 
CAPTIONS OF TABLES

CAPTIONS OF FIGURES
Boundary conditions ϕ j (x) ψ j (x) ξ j (x) S-S sin jπ L x cos jπ L x cos jπ L x C-F 1 − cos (2j−1)π 2L x sin (2j−1)π 2L x sin (2j−1)π 2L x C-C sin 2 jπ L x sin 2jπ L x sin 2jπ L x BC x = 0 x = L S-S w 0 = 0 w 0 = 0 C-F u 0 = 0, w 0 = 0, φ 0 =0, w 0,x =0 C-C u 0 = 0, w 0 = 0, φ 0 =0, w 0,x =0 u 0 = 0, w 0 = 0, φ 0 =0, w 0,x =0of (0 o /90 o /0 o ) composite beam under a uniformly distributed load (Material II, E1/E2=25mid-span displacements of (0 o /90 o ) composite beams under a uniformly distributed load (Material II, E1/E2=25stresses of (0 o /90 o /0 o ) and (0 o /90 o ) composite beams with simply-supported boundary conditions (Material II, E1/E2=25).
Lay-ups
fundamental frequencies of (0 o /90 o /0 o ) and (0 o /90 o ) composite beams (Material I, E1/E2=40
